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Abstract

Interfacial crack growth in a tensile-loaded, adhesively-bonded butt joint with rigid adherends is analyzed. First,

the asymptotic, small-scale cracking solution for a short interfacial crack originating at a sharp interface corner is
presented. Then the asymptotic, steady-state solution for a long interfacial crack is discussed. These asymptotic
results are compared with full ®nite element solutions of a butt joint containing a 0.001 to 10 bond thickness long

interfacial crack. Finally, the applicability of both interface corner and interfacial fracture mechanics approaches to
failure analysis is discussed. The small-scale cracking solution indicates that when one can apply an interface corner
failure analysis, one can also apply an interfacial fracture mechanics approach with a suitably chosen inherent ¯aw.
Although the two methods are equivalent, it should be emphasized that the inherent ¯aw and corresponding

toughness may have limited physical signi®cance. Published by Elsevier Science Ltd.
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1. Introduction

The connection between two di�erent approaches for analyzing the fracture of an adhesively-bonded
butt joint is examined. This type of joint is commonly used to evaluate adhesives and also presents a
convenient geometry to analyze. Here an idealized butt joint with rigid adherends and a thin, essentially
semi-in®nite, bond is analyzed (Fig. 1). This idealization is applicable when the adherends are much
sti�er than the adhesive (e.g. steel adherends and epoxy adhesive), and when the bond thickness is much
smaller than any other joint dimension.

In a noteworthy study Anderson and DeVries (1987, 1989) use a linear elastic fracture mechanics
approach to analyze adhesively-bonded butt joints. They assume that the joint behaves as if a characteristic,
inherent ¯aw is present and suggest that inherent ¯aws may be related to those that exist naturally in all
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bonds due to such things as air bubbles, local surface discontinuities, etc. Consequently, their approach
requires the determination of a critical toughness value, Gc, and also an inherent ¯aw size, a0. This is done by
®rst measuring Gc using joints with intentionally inserted interfacial disbonds of known size. Joints without
inserted disbonds are also tested. The energy release rate vs crack length calibration (i.e., G vs a relationship)
for the butt joint test geometry is then used to determine the a0 value that is consistent with the strength of
the joints without inserted disbonds and G � Gc. Employing these Gc and a0 values, the authors were then
able to successfully predict the dependence of butt joint strength on bond thickness.

In more recent work Reedy and Guess (1993, 1995, 1997) have used a method based upon the stress
intensity factor associated with an interface corner (the point where the interface intersects the stress-free
edge, Fig. 1) to predict the failure of adhesively-bonded butt joints. When viewed asymptotically, the
interface corner is at the apex of a multi-material wedge. It is well known that within the context of
linear elasticity theory, a stress singularity of type

s0Kar
d �d < 0� �1�

can exist at an interface corner (Williams, 1952; Bogy, 1968, 1970). Note, that this subscript `a' on K in
eqn (1) is used to denote that this stress intensity factor is associated with the apex of a wedge. The
value of the stress intensity factor Ka characterizes the magnitude of the stress state in the region of the
interface corner. The calibration relation de®ning Ka is determined by the full solution, and it depends
on loading, geometry, and elastic properties. There has been a recent emphasis on determining Ka

relations for geometries and loadings of practical importance (Akisanya and Fleck, 1997; Chen, 1994;
Ding et al., 1994; Munz and Yang, 1992; Reedy, 1990; Reedy and Guess, 1997; SzaboÂ and
Yosibash, 1996). It appears reasonable to hypothesize that failure occurs at a critical Ka value. Such an
approach is analogous to linear elastic fracture mechanics except here the critical Ka value is associated
with a discontinuity other than a crack. Several experimental studies have investigated a failure analysis
based on a critical Ka value (Gradin, 1982; Groth, 1988; Hattori et al., 1989; Reedy and Guess, 1993,
1995, 1997). As is the case of linear elastic fracture mechanics, small-scale yielding conditions must
apply. The asymptotic stress state characterized by Ka must dominate a region that is signi®cantly larger
than the fracture process zone, plastic yield zone, and the extent of any subcritical cracking. The corner
must also appear sharp when viewed at this length scale. The interface corner stress intensity factor
approach for adhesively-bonded butt joints requires the determination of a single fracture parameter, the
interface corner toughness Kac. This is done by measuring joint strength at one bond thickness. This
joint strength is used in conjunction with the calculated Ka calibration relationship to determine the
critical Ka value, Kac. This method has successfully predicted the variation of strength of adhesively-
bonded butt joints with bond thickness as well as the dependence of this relationship on adherend
sti�ness (Reedy and Guess, 1993, 1997). It is noted that a similar approach has also been used by Dunn
et al. (1997a, b) to successfully predict the fracture of a homogenous material containing a sharp notch.

Fig. 1. Tensile-loaded, adhensively-bonded butt joint with rigid adherends.
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This paper examines the connection between interface corner and interfacial fracture analyses of an
adhesively-bonded butt joint with rigid adherends. First, asymptotic solutions for both short and long
interfacial cracks originating at a sharp interface corner are presented. These asymptotic results are then
compared with full ®nite element solutions to investigate their range of applicability. Finally, the appli-
cability of both interface corner and interfacial fracture mechanics approaches to failure analysis is
discussed.

2. Asymptotic solutions

This section begins with a brief review of those interfacial fracture and interface corner analysis
results used in the asymptotic solutions that follow. These plane strain results are specialized to the case
where the upper adherend is rigid (material 1 in Fig. 2). When the upper material is rigid, the elastic
mismatch parameters (Dundurs, 1969) are

a � 1

b � 1ÿ 2n
2�1ÿ n� �2�

2.1. Interface corner analysis

The stress intensity factor associated with the singular stress ®eld surrounding the interface corner in
an adhesively-bonded butt joint with rigid adherends has been determined by Reedy (1990). The
adhesive layer is assumed to be isotropic and linear elastic. Directly in front of the interface corner
(Fig. 1), the traction normal to the interface is

syy � Kar
lÿ1 �3�

where r=distance from the interface corner; lÿ 1=order of the stress singularity (depends only
on n ); and Ka =interface corner stress intensity factor. For a tensile-loaded, adhesively-bonded butt
joint with rigid adherends and a thin (essentially semi-in®nite) adhesive layer

Ka � s�h1ÿlAp�n� �4�
where the characteristic stress s� is related to the nominal applied tensile stress �s by

s� �
�

n
1ÿ n

�
�s : �5�

Fig. 2. Conventions used to de®ne interfacial crack con®guration.
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and Ap is a function of n only. Ap and 1ÿ l values are listed in Table 1 for a wide range of n. When
n=0.35, 1ÿ l=0.320, and Ap � 0:958. Note that this Ap value is the one reported in Reedy and
Guess (1997). This value was determined using a more highly re®ned ®nite element mesh than that
used in Reedy (1990) and is 1% higher than reported earlier. As an aside, the Ka relation de®ned by
eqn (4) is also applicable to a transversely cracked elastic layer that is sandwiched between rigid
layers (assuming a single, isolated crack). The stress-free edge can be considered a symmetry plane
when the bounding layers are rigid.

2.2. Interfacial fracture mechanics

The singular stress state at the tip of a crack lying on the interface between two dissimilar, linear-
elastic, isotropic materials is well known (Rice, 1988; Hutchinson and Suo, 1992). The interfacial
tractions directly ahead of the crack tip (Fig. 2) are given by

ÿ
syy � isxy

�
y�0�

Krie�������
2pr
p �6�

where

K � K1 � iK2, i �
�������
ÿ1
p

and e � ÿln �3ÿ 4n�
2p

Furthermore, the energy release rate G for crack advance along the interface is related to the complex
interfacial stress intensity factor by

G � 1ÿ b2

E �
jKj2 �7�

where

E � � 2E

�1ÿ n2� and jKj2 � K2
1 � K2

2

A generalized interpretation of mode measure has been suggested by Rice (1988), and this de®nition is
now widely used. Mode mixity ĉ is de®ned as the ratio of interfacial shear stress to normal stress at a

Table 1

Parameters de®ning the small-scale cracking solution for tensile-

loaded, adhesively-bonded butt joints with rigid adherends

n b 1ÿ l Ap�n� D�n� ĉr�a

(degrees)

0.05 0.474 0.077 14.70 4.26 ÿ12.3
0.10 0.444 0.133 6.63 4.51 ÿ13.5
0.15 0.412 0.179 3.96 4.75 ÿ14.4
0.20 0.375 0.219 2.63 5.00 ÿ15.1
0.25 0.333 0.255 1.84 5.26 ÿ15.7
0.30 0.286 0.289 1.32 5.55 ÿ16.2
0.35 0.231 0.320 0.958 5.89 ÿ16.5
0.40 0.167 0.350 0.654 6.30 ÿ16.7
0.45 0.091 0.378 0.391 6.81 ÿ16.7
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®xed distance l̂ in front of the crack tip.

ĉ
r�l̂ � tanÿ1

"�
sxy
syy

�
y�0,r�l̂

#
� tanÿ1

"
Im
ÿ
Kl̂ ie

�
Re
ÿ
Kl̂ ie

�# �8�

The choice of reference length l̂ is arbitrary and is sometimes based on a characteristic inplane length of
the body analyzed or on an intrinsic material length scale. In any case, ĉ values corresponding to two
di�erent length scale l̂1 and l̂2 are related by

c
r�l̂2 � c

r�l̂1 � eln
ÿ
l̂2=l̂1

� �9�

2.3. Small-scale cracking

The small-scale interfacial cracking problem for a crack originating at an interface corner is
completely analogous to the small-scale yielding problem of traditional fracture mechanics. In recent
work Akisanya and Fleck (1997) and Grenestedt and Hallstrom (1997) have considered such problems.
A short, interfacial crack is considered to be fully embedded within the region dominated by the
interface corner stress singularity (Fig. 3). The angular variation of displacements along the outer
boundary �r� a� is known from the interface corner solution, and Ka determines the magnitude of the
loading. In accordance with linear elasticity, jKj for the interfacial crack must depend linearly on Ka.
The only length scale in this asymptotic problem is crack length a, and the only nondimensional
parameter that exists, or can be formed, is n. Consequently, to be dimensionally correct, energy release
rate must depend on crack length and Ka as

G �
ÿ
1ÿ b2

�
E �

jKj2 �
ÿ
1ÿ b2

�
E �

K2
aa

2lÿ1D�n� �10�

Dimensional considerations require that mode mixity ĉr�a is also only a function of n. D�n� and ĉr�a are
determined by solving the asymptotic problem for n values of interest. The G relation de®ned by eqn
(10) can be specialized to the case of a tensile-loaded, adhesively-bonded butt joint by substituting the
Ka relationship for that geometry and loading (eqn (4)).

G �
ÿ
1ÿ b2

�
E �

h2
�1ÿl�a2lÿ1Ap�n�2D�n�s�2 �11�

or equivalently

Fig. 3. Small-scale cracking problem.
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G �
ÿ
1ÿ b2

�
E �

�
n

1ÿ n

�2

Ap�n�2D�n�
�
h

a

�1ÿ2l
�s2h �12�

When n=0.35, l02=3. Eqn (11) indicates that when small-scale cracking conditions exist, G for an
adhesively-bonded butt joint with rigid adherends varies as h2=3 and as a1=3.
Table 1 lists D(n ) and mode mixity ĉr�a values for a broad range of n. These values were determined

by carrying out a plane strain, ®nite element analysis of the asymptotic problem for each n using the
quarter circle mesh shown in Fig. 4. The outer boundary is at a radius of 900a and is loaded by the
asymptotic, interface corner displacement ®eld that corresponds to the prescribed n. The mesh is
composed of eight-noded, isoparametric quadrilateral elements. The wedge-shaped elements that
surround the crack tip are formed by collapsing one side of quadrilateral elements. The collapsed, crack
tip nodes are constrained to have the same displacement, whereas the mid-side nodes closest to the
crack tip are moved to the quarter-point position to incorporate a square root singularity. The length of
the smallest element is roughly 0.000004 of the adhesive bond thickness. The energy release rate is
determined by a J-integral evaluation, whereas mode mixity ĉr�a is calculated using crack ¯ank
displacements (Matos et al., 1989). Note that the reported D(n ) apply not only to the adhesively-bonded
butt joint but also to any problem where the asymptotic problem is a quarter plane with one edge ®xed
and the other edge stress-free (e.g., debonding at the tip of a transverse crack in a thin layer on a rigid
substrate). Eqn (10) relates G to any existing Ka relation.

2.4. Steady-state cracking

The energy release rate for the long crack, steady-state asymptotic problem is readily determined via a
J-integral evaluation (Rice, 1968)

Gss �
�1� n��1ÿ 2n�
�1ÿ n�E �s2h �13�

A ®nite element solution for a geometry approximating the long crack limit indicates ĉr�2h � ÿ16:40
when b=0.231.

Fig. 4. Typical ®nite element mesh used in adhesively-bonded butt joint analysis as well as the portion used in small-scale cracking

analysis.
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3. Comparison with full ®nite element solutions

To provide a focus for the calculations presented below, the specimen geometry, material properties,
and failure load are drawn from a previously reported test series (Reedy and Guess, 1993). These joints
were fabricated by bonding two, 28.6 mm diameter stainless steel rods together with an Epon 828/T-403
epoxy adhesive (100/36 by weight mix ratio, cured at room temperature). This epoxy's Young's modulus
E=3.5 GPa and Poisson's ratio n=0.35. The bond thickness of the joints was varied from 0.25 mm to
2.0 mm. The measured variation in strength with bond thickness is consistent with a critical interface
corner stress intensity factor value Kac � 12:7 MPa mm0.32. With this value of Kac, a joint with a 1.0 mm
adhesive layer fails at a nominal tensile load of 30.7 MPa.

A full, ®nite element analysis of an adhesively-bonded butt joint with rigid adherends has been carried
out to investigate the range of applicability of the asymptotic solutions. Fig. 4 shows a typical ®nite
element model. The upper edge of the adhesive layer is ®xed, whereas the lower edge is displaced
downward. The right-hand edge is a symmetry plane. The model contains an interfacial crack
originating at the upper interface corner with a crack length that ranges from 0.001 to 10 times the
bond thickness. As indicated in Fig. 4, the same sort of highly re®ned quarter circle mesh, as used in the
small-scale cracking asymptotic analysis, is used in the full joint analysis. The uncracked portion of the
joint is 20 h long to ensure that stress at the symmetry plane is una�ected by the presence of the stress-
free edge (i.e., models a semi-in®nite bond).

Fig. 5 illustrates the nature of the small-scale cracking problem when a=0.01 mm and 2 h=1.0 mm.
Asymptotic interface corner and small-scale cracking solutions for interfacial normal stress are
compared to ®nite element results for the full joint model. The interface corner stress solution is de®ned
by eqns (3)±(5). Note that the reason the plotted curve on this log-log plot is not a straight line is
because stress is plotted as a function of distance from the crack tip, not distance from the interface
corner. The small-scale cracking result is obtained by using eqn (12) and the phase angle listed in Table
1 to determine the complex interfacial stress intensity factor using eqns (7±9). The interfacial normal
stress is then calculated using eqn (6). The small-scale cracking solution merges with the full joint
solution at a distance of <.01 mm. At a distance of 0.01 mm in front of the crack-tip (a distance equal
to the crack length), the small-scale cracking solution is within 10% of the full-joint model solution. The
stress ®eld associated with the interface crack is embedded within the ®eld governed by the interface

Fig. 5. Comparison of asymptotic interface corner and small-scale cracking solutions for interfacial normal stress with ®nite

element resutls for the full joint model (a = 0.01 mm, �s =30.7 MPa).
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corner singularity. Once beyond the region perturbed by the interface crack, the interface corner
singularity and the full-joint model solutions are within 10% out to a distance of 0.15 mm (15% of the
total bond thickness).

Table 2 compares the calculated energy release rate using the full joint model (GFEA) with the
asymptotic solutions for small-scale cracking (Gasym) and steady-state cracking (Gss) over a broad range
of crack lengths. Most results are for a 1-mm thick bond, although a couple of calculations are for a
2-mm thick bond. These later results provide an additional con®rmation of the scaling implied by the
small-scale cracking solution. The results for the 1-mm thick bond are plotted in Fig. 6. Together the
asymptotic solutions form a fairly tight envelope of GFEA over the full range of crack lengths. The small-
scale cracking solution is within a few percent of GFEA for a/h <.02 and di�ers by 20% at a/h=1.
The steady-state cracking solution is within a few percent of GFEA for a/h > 2 and di�ers by 16% at
a/h=1. Fig. 7 plots a similar comparison for mode mixity. Here the phase angle is de®ned at a
characteristic length scale of 0.01 mm (as shown below, this is on the order of the interface corner yield
zone). Again, the asymptotic solutions form a fairly tight envelope of the phase angle calculated using

Table 2

Comparison of ®nite element and asymptotic solutions for energy release

rate ( �s � 30:7 MPa). GFEA is the ®nite element solution; Gasym is the small-

scale cracking solution; and Gss is the long crack, steady-state solution

2h a GFEA Gasym GFEA=Gasym GFEA=Gss

(mm) (mm) (J/m2) (J/m2)

1.0 0.001 9.1 9.4 0.97 0.11

1.0 0.010 20.5 21.4 0.96 0.24

1.0 0.100 42.8 49.1 0.87 0.51

1.0 0.500 70.2 87.7 0.80 0.84

1.0 1.000 80.9 112.5 0.72 0.96

1.0 10.00 84.1 257.7 0.33 1.00

2.0 0.001 14.2 14.6 0.97 0.08

2.0 0.010 32.3 33.4 0.97 0.19

Fig. 6. Comparison of ®nite element and asymptotic solutions for energy release rate ( �s � 30:7 MPa). GFEA is the ®nite element sol-

ution; Gasym is the small-scale cracking solution; and Gss is the long crack, steady-state solution.
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the full joint model. Note that the phase angle starts out negative, and increases steadily until it is
slightly positive. Consequently, an interfacial crack might be pushed away from the interface as it grows.
This is consistent with butt joint test results (Reedy and Guess, 1993). In these tests fracture initiated on
the interface along a small segment of the specimen periphery. As the crack grew, it moved o� of the
interface, and fracture occurred within the adhesive layer.

4. Applicability to failure analysis

One can envision using either an interface corner or an interfacial fracture analysis to predict the
failure of adhesively-bonded butt joints. Under certain conditions there should even be a direct
connection between the fracture parameters used in the two approaches. There are, however, restrictions
in the applicability of both techniques.

An interface corner failure analysis is applicable when unstable crack growth initiates from a fracture
process zone that is deeply embedded within the region dominated by the interface corner signularity.
The size of the region dominated by the stress singularity can be estimated by comparing ®nite element
results for the full joint model with the singularity solution. This size estimate depends to some degree
on which stress measure is compared, as well as the angular position considered. For rigid adherends
and an epoxy adhesive bond, e�ective stress along a ray bisecting the interface corner (y � ÿp=4) is in
good agreement with the singular solution out to 30% of the bond thickness, whereas interfacial mean
stress is in good agreement out to 15% of the bond thickness (Reedy, 1993, also see Fig. 5).
Consequently, not only must the corner appear sharp when viewed at this length scale, but also material
yielding and subcritical crack growth must be limited to a few percent of the total bond thickness.

The size of the interface corner fracture process zone is not known. Indeed there is no detailed
information on the fracture process. One can, however, estimate the extent of yielding. Fig. 8 shows
three di�erent predictions for the interface corner yield zone at joint failure. These results are for a joint
with no interface crack. Note as was indicated earlier, the failure load and epoxy properties, used in all
calculations are based on a previously reported series of steel/epoxy butt joint tests (i.e., Kac =12.7 MPa
mm0.32, �s � 30:7 MPa, 2h=1.0 mm). Epoxy yielding is rate and temperature dependent and is thought
to be a manifestation of stress-dependent, nonlinear viscoelastic material response. Unfortunately,

Fig. 7. Comparison of ®nite element and asymptotic solutions for ĉr�0:01 mm. ĉFEA is the ®nite element solution; ĉasym is the small-

scale cracking solution; and ĉss is the long crack, steady-state solution.
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accurate epoxy models of this type are not readily available. Nevertheless, simpler material models can
be used to provide some insights. The crudest yield zone prediction shown in Fig. 8 uses a linear-elastic
adhesive model to determine when the calculated e�ective stress exceeds the epoxy's yield strength. Also
shown are results using a standard, elastic, perfectly-plastic J-2 ¯ow theory and for an elastic, perfectly-
plastic, Drucker±Prager model that incorporates a pressure-dependent yield strength. A realistic
adhesive model should include pressure-dependent yielding since the 828/T403 epoxy used in the tests
being modeled has a room temperature tensile yield strength of 70 MPa and a compressive yield
strength of 100 MPa (at a strain rate of 0.0002/s, Reedy and Guess, 1996a). If a linear dependence on
pressure P is assumed, sy � 82� 0:53 P (MPa). Fig. 8 shows that the size and shape of the calculated
yield zone is a strong function of which adhesive constitutive model is used. The calculated yield zone
determined using elasticity and J-2 ¯ow theory is in poor agreement with that determined when
pressure-dependent yielding is included. The Drucker±Prager solution shows the largest yield zone, and
the zone is shifted towards the interface. This is due to the presence of high levels of hydrostatic tension
at the interface. Note that a slip line theory solution for a rigid, perfectly-plastic adhesive predicts a
hydrostatic interfacial tension of 1.5 sy (Reedy and Guess, 1996b).

Fig. 9 plots the calculated interfacial normal stress for the J-2 ¯ow and Drucker±Prager adhesive
models along with interface corner singularity and perfectly-plastic slip line solutions. As observed
previously, the interfacial normal stress is in good agreement with the singularity solution over a
distance equal to 15% of the 1 mm thick bond. At this bond thickness the yield zone is deeply
embedded within the region dominated by the singularity. Tests have been performed on joints as thin
as 0.25 mm with good agreement with an interface corner failure analysis (Reedy and Guess, 1993). An
interface corner failure analysis cannot, however, be applied to arbitrarily thin bonds. The region
dominated by the singularity solution scales with bond thickness and shrinks as bond thickness is
reduced. Ultimately it reaches a size comparable to that of the yield zone at joint failure.

One notable feature of the interface corner failure analysis is that is requires no detailed information
about the failure process itself. Failure may be caused by a preexisting interfacial ¯aw or perhaps by a
cavitation instability induced by the high levels of hydrostatic tension found at the interface. If an
interfacial crack is present, it could be sharp, bridged, or have a yield zone comparable to its length. To

Fig. 8. Calculated interface corner yield zones when no interfacial crack is present. Dark gray in the plasticity calculations corre-

sponds to an equivalent plastic strain >0.0001.
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be applicable, it is only necessary that the failure process zone is deeply embedded within the region
dominated by the interface corner singularity at failure.

Interfacial fracture mechanics is applicable when small-scale yielding conditions hold at the tip of a
sharp, preexisting interfacial crack. In contrast to the interface corner failure analysis, the initial crack
need not be small when compared to bond thickness. Indeed it might be easiest to apply this approach
when the crack is long. When a steady-state cracking limit exists, the energy release rate is independent
of crack length (e.g., eqn (13)). Consequently, one only needs to know that the crack is long, not its
precise length. Failure occurs when the applied load generates an energy release rate larger than the
interfacial toughness at the steady-state mode mixity.

Fig. 6 shows that in an adhesively-bonded butt joint with a short crack, G increases with increasing
crack length. Therefore for a short crack, one must know the initial crack length to calculate the energy
release rate G. Unfortunately it is often impractical or even impossible to routinely detect and measure
the length of very small (e.g., 10 micron) interfacial ¯aws. It is also conceivable that joint failure does
not initiate from a preexisting interfacial crack. Perhaps a ¯aw is generated in some way during loading.
One would then need to know the size of the nucleated ¯aw and con®rm that it is actually a sharp crack
and not a localized zone of damaged material. Even if a short interfacial crack of known length does
actually exist on the interface, other di�culties arise when applying an interfacial fracture mechanics
approach. Tvergaard and Hutchinson (1994, 1996) have shown that adhesive ductility can cause
interfacial toughness to increase rapidly as the crack initially extends until its length equals several bond
thicknesses. Consequently, the application of interfacial fracture mechanics to an adhesively-bonded butt
joint may necessitate the measurement of crack growth resistance. This measurement needs to be done
at the relevant mode mixity and requires an accurate determination of changes in toughness during
crack extension over a distance of the order of a bond thickness. Finally, it should again be emphasized
that interfacial fracture mechanics requires that a sharp crack exists and that a small-scale yielding
conditions applies. Only under these restrictive conditions and when small-scale interfacial cracking
occurs, is interface corner toughness Kac directly related to an interfacial toughness Gc by eqn (10).

Di�culties in rigorously applying interfacial fracture mechanics to adhesively-bonded joints with small
¯aws motivate the inherent ¯aw approach (Anderson and DeVries, 1987, 1989). The inherent ¯aw
approach has pragmatic appeal. Gc is determined using a joint with an inserted crack of known length.
This Gc is then used to infer the length of the inherent ¯aw a0 that must exist for the fracture mechanics
analysis to predict the measured joint strength when no ¯aw is inserted. There is a direct connection

Fig. 9. Calculated interfacial normal stress when adhesive layer yields. Comparison with interface corner singularity and perfectly-

plastic asymptotic solutions.
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between the interface corner failure analysis and the inherent ¯aw fracture mechanics analysis.
Whenever failure occurs at a critical Ka value, the inherent ¯aw fracture mechanics approach can also be
applied, and the predictions will be identical. All valid Gc, a0 combinations must satisfy eqn (10),
evaluated at Kac. There is, of course, any number of valid Gc, a0 pairs for a speci®ed Kac, and there is no
reason to expect that a selected a0, Gc pair is connected to a true crack. Indeed as noted above, when
the interface corner failure analysis applies, there is no requirement that a sharp crack even exists.

Consider the application of the inherent ¯aw, interfacial fracture mechanics approach to an
adhesively-bonded butt joint. Suppose one assumes that the joint contains a 0.01 mm long inherent ¯aw.
An interfacial fracture analysis using a0 =0.01 mm will be equilvalent to an interface corner failure
analysis with Kac � 12:7 MPa mm0.32, provided that Gc is set equal to 21.4 J/m2 (eqn (10), E=3.5 GPa,
n=0.35). This choice of a0 and Gc will predict the same variation in joint strength with bond thickness
as an interface corner analysis using Kac =12.7 MPa mm0.32. A full ®nite element analysis of a joint
containing a 0.01 mm long crack shows that there is signi®cant crack-tip yielding when �s � 30:7 MPa
(Fig. 10, using the Drucker±Prager adhesive model). Note that this load level corresponds to

Fig. 11. Calculated interfacial normal stress for a 0.01 mm long interfacial crack originating at the interface corner when the

adhesive yields. Comparison with interface corner singularity and small-scale cracking solutions.

Fig. 10. Calculated yield zone at the tip of a short interfacial crack originating at the interface corner. Dark gray corresponds to

an equivalent plastic strain >0.0001.
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G=21.4 J/m2 (eqn (12)). The calculated yield zone is about the same length as the crack. At joint
failure small-scale yielding conditions do not apply when the crack is 0.01 mm long. An independent
measurement of the interfacial toughness, conducted in a manner that generates small-scale yielding
(e.g., using a DCB specimen with a long initial crack), would measure a di�erent toughness value. There
is no direct connection between the Gc toughness value used in conjunction with an inherent ¯aw of
0.01 mm and the interfacial toughness measured under small-scale yielding conditions. Fig. 11 plots the
calculated interfacial normal stress along with the small-scale cracking and the interface corner
singularity solutions. The results for the full joint model show that the yield zone is deeply embedded
within the interface corner singularity solution. This indicates that the interface corner failure analysis
should be applicable. On the other hand, the small-scale cracking solution does not merge with the full
joint solution. Extensive crack-tip yielding perturbs the solution to the extent that the small-scale
cracking solution no longer describes the asymptotic behavior. An inherent ¯aw fracture analysis based
on fracture parameters a0 =0.01 mm and Gc =21.4 J/m2 will predict the observed variation in joint
strength with bond thickness, but these parameters lack physical signi®cance. This analysis applies only
because the choice of fracture parameters is equivalent to Kac =12.7 MPa mm0.32.

5. Conclusion

Interfacial crack growth from the interface corner of a tensile-loaded, adhesively-bonded butt joint
with rigid adherends has been analyzed. Asymptotic solutions for both small-scale cracking and steady-
state cracking are presented. The asymptotic results for energy release rate and mode mixity form a
reasonably tight envelope of values determined by a full ®nite element analysis of a joint with an
interfacial crack that is varied from 0.001 to 10 times the bond thickness. An interface corner failure
analysis is applicable only when unstable crack growth initiates from a fracture process zone that is
deeply embedded within the region dominated by the interface corner singularity. Interfacial fracture
mechanics is strictly applicable only when small-scale yielding conditions hold at the tip of a sharp,
preexisting interfacial crack. A rigorous application of interfacial fracture mechanics to short cracks is
di�cult because one must independently measure the initial crack length and also crack growth
resistance data. For this reason the inherent ¯aw approach has pragmatic appeal. The small-scale
cracking solution indicates that when one can apply an interface corner failure analysis, one can also
apply an interfacial fracture mechanics analysis with a suitably chosen inherent ¯aw. Although the two
methods are equivalent, it should be emphasized that the inherent ¯aw and corresponding toughness
may have limited physical signi®cance.
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